Passive beam sprending systems and light-weight gentries for synchrotron based hadron therapy by Maier, A T
Passive Beam Spreading Systems
and Light-Weight Gantries for
Synchrotron Based Hadron
Therapy
Dissertation zur Erlangung des akademischen Grades
Doktor rer. nat.
der formal- und naturwissenschaftlichen Fakulta¨t
der Universita¨t Wien
eingereicht von
Mag. rer. nat. Andrew Maier
Genf, im Dezember 1998

Zusammenfassung
Hadronentherapie ist eine vielversprechende Methode fu¨r die Behandlung
von Krebs mittels Protonen oder leichten Ionen. Um diese Methode einer
breiteren Anwendung zuzufu¨hren, bedarf es dezidierten, in Krankenha¨usern
integrierten Zentren. Die PIMMS Gruppe (Proton Ion Medical Machine
Study) am CERN ist mit der Planung eines solchen Zentrums befaßt, wel-
ches sowohl Protonen als auch leichte Ionen verwenden wu¨rde. Durch diese
doppelte Speziﬁkation ist ein Synchrotron zu bevorzugen. Die vorliegen-
de Dissertation bescha¨ftigt sich mit der Strahlfu¨hrung von Protonen zum
Patienten.
Nach einer Einfu¨hrung in das notwendige Vokabular der linearen Strahl-
optik, wird die Machbarkeit einer leichten Gantry, der Schnittstelle zwischen
Beschleuniger und Patienten, untersucht. Die untersuchte Gantry ist eine
nicht-lineare magnetische Struktur, welche alsmagnetische Fu¨hrung oder als
Protonenschlauch beschrieben werden kann. Detailierte Studien zeigen, daß
es zwar machbar erscheint eine fu¨r eine Gantry notwendige, optisch stabile
270◦ Struktur zu designen, diese aber die Erwartungen der Hadrontherapie
nicht erfu¨llt. Daraus wurde geschlossen, daß es besser ist eine Gantry aus
konventionellen Magneten zu konstruieren.
In der Folge wird das Problem der passiven Strahlaufweitung fu¨r die
eigentliche Krebsbehandlung untersucht, wofu¨r eine genaue Kenntnis der
Vielfachstreuung no¨tig ist. Die Prinzipien der Vielfachstreuung nach Mo-
lie`re werden erla¨utert und zusa¨tzlich wird eine gaussische Na¨herung nach
Highland beschrieben. Eine Behandlung der Vielfachstreuung fu¨r dicke
und du¨nne Streuer wird in der Folge unter Ausnu¨tzung des sogenannten σ-
Formalismus entwickelt, der in der Beschleunigerphysik ha¨uﬁg Anwendung
ﬁndet. Dies wird dann dazu benu¨tzt um eine statistische Beschreibung des
Strahls mit Vielfachstreuung im Twiss-Formalismus zu entwickeln. Eine her-
vorragende U¨bereinstimmung mit Monte-Carlo Daten wird dabei erreicht.
Die Twiss-Streuer Relationen ermo¨glichen es beliebige Streuer in eine Be-
schleuniger Designsoftware zu integrieren.
Hohe Intensita¨ten sind mittels eines Synchrotrons nicht so leicht zu err-
reichen wie mittels eines Zyklotrons, daher ist es no¨tig das System fu¨r die
passive Strahlaufweitung am Patienten so eﬃzient wie mo¨glich zu gestalten.
Die einzige Methode, die nicht durch prinzipielle Einschra¨nkungen in der
Eﬃzienz limitiert ist, ist die Doppelstreuermethode mit einem geformten
zweiten Streuer. Eine Software wurde entwickelt, um ein solches System
zu konstruieren. Dabei wurde großer Wert auf eine mo¨glichst hohe Eﬀzienz
gelegt. Die Resultate stimmen in hervoragender Weise mit Messungen, die
am The Svedberg Labor in Uppsala durchgefu¨hrt wurden, u¨berein.
Abstract
Hadron therapy is a promising technique that uses beams of protons
or light ions for the treatment of cancer. In order to open this technique
to a wider application, dedicated hospital based treatment centres are now
needed. The Proton-Ion Medical Machine Study (PIMMS) in CERN is
concerned with the design of such a centre that would use both protons and
light ions. The dual species operation makes it preferable to base the centre
on a synchrotron. The present thesis is concerned with the beam delivery
for the protons.
After introducing the basic vocabulary of linear beam optics, the feasibil-
ity of a light-weight gantry with passive beam spreading fed by a synchrotron
is investigated. The device is a non-linear magnetic structure, which can be
described as a magnetic guide or as a proton pipe. Detailed studies show that
while it is possible to design an optically stable 270◦ section, which would
be necessary for a gantry, the properties do not fulﬁl the requirements of a
gantry for medical purposes. It was therefore concluded that a conventional
iso-centric gantry would be used for protons.
The problem of passive beam-spreading is also investigated. A detailed
knowledge of multiple scattering is necessary for the design of such a sys-
tem. The basic principles of multiple scattering following Molie`re’s theory
are mentioned. In addition, a Gaussian approximation of multiple scattering
developed by Highland is described. A treatment of multiple scattering for
thick and thin scatterers is then developed using the so-called σ-formalism
that is frequently used in accelerator optics. This is then used to give a
statistical description of the beam with scattering included using the Twiss
formalism that is also used widely in accelerator physics. Excellent agree-
ment is demonstrated with Monte-Carlo data. The Twiss-Scatterer relations
obtained make it possible to include arbitrary, thick scatterers in accelerator
codes.
High intensities for protons are less readily available from a synchrotron
than a cyclotron and for this reason as high eﬃciency as possible is needed for
the passive spreading system. The only technique which is, in principle, not
limited in eﬃciency is the double scattering method with a shaped secondary
scatterer. A code was developed to design such a passive beam spreading
system, with the emphasis on eﬃciency. Results from this software are in
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1.1 Cancer treatment
A study conducted by the European Commission in 1987 and presented
in Reference [1] investigated the current situation of instances of cancer in
Europe. According to this study, 750 000 people die of cancer in Europe
every year. The study also predicts an increase of casualties to 1 million per
annum by the year 2000.
The aim of the study was to suggest strategies to reduce the number of
casualties (corrected for age) by 15% by the year 2000. Diﬀerent treatment
strategies were reviewed, leading to the following results:
• Only 45% of all cancer patients can be cured, deﬁned as survival of
the 5 years following the treatment.
• Of all cured patients, 90% are treated through local control of the
primary tumour.
• 40% of all cured cases are treated with radiotherapy or a combination
of radiotherapy and surgery.
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Figure 1.1: Cure rate for diﬀerent cancer treatment strategies.
• In 18% of all cases, control of the primary tumour fails.
• Even though a large number of patients undergo chemotherapy, this
method of treatment only contributes to about 5% of the patients
cured, and prolongs the lives of another 10% of patients [2].
Figure 1.1 summarises these results. Since surgery and radiotherapy
are local tumour treatment techniques, it is evident that local control of the
tumour is a prerequisite for a successful treatment. Furthermore, these num-
bers suggest that the chance of survival increases with local tumour control.
To date, this has been the best strategy for a successful cancer treatment.
In the future other treatment methods such as immunotherapy may achieve
better results and will help to decrease the number of casualties. Until these
new treatments are available, surgery and radiotherapy, or a combination
of both, will be the most important methods of local tumour control. Con-
sequently it is necessary to improve these methods or to complement them
with new ones. One of these new methods is hadron therapy, the irradi-
ation of cancer with hadrons. Based on ideas dating back to the 1940s, it
has gained in importance in recent years. During the last decade, special
dedicated centres have been built and many are being planned throughout
the world.
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1.2 Radiotherapy
A classical way of treating cancer is to irradiate the cancerous tissue with
ionising beams. This radiation produces secondary charges and free radicals
which can lead to various diﬀerent forms of damage in the cell. Although
the cell is remarkably capable of repairing itself from such damage, there are
certain cases where the cell cannot survive. Results in radiobiology [2] have
shown that damage to the cell’s DNA is the main cause of cell death. One
Gray of absorbed dose of γ-rays is likely to cause 2000 single strand breaks
in the DNA. While the cell can often recover from this damage, it also may
lead to inactivation and the cell becoming sterile. In about 40 cells, double
strand breaks occur, which lead to almost certain death of the cell.
One possible way to irradiate cancer cells is by of high-energy photons.
These γ-rays can be produced in various ways. A typical method is the
use of a 60Co source. Alternatively, a small linear accelerator can be used
to produce a mono-energetic beam of electrons which are delivered onto a
target and create a continuous bremsstrahlung spectrum of photons with the
maximum photon energy being equal to the kinetic energy of the incident
electrons.
A photon interacts continuously when entering the body, thereby leading
to ionised atoms. For thin absorbers the intensity varies roughly exponential
as a function of depth. Therefore one would expect the largest deposited
energy on or near the surface of the body. However, for thicker absorbers,
the energy of primary electrons produced by the photons is so high that
they themselves can generate ionisation. This secondary ionisation leads to
a buildup of the deposited dose. Therefore, the maximum does not peak at
the entry, but somewhat inside the target. Nevertheless, the maximum can
only be shifted by a few centimetres inside the body as shown in Fig 1.2.
Since a large part of the dose is deposited outside the cancer volume, a
dilemma arises. Whilst a high dose gives a good probability of destroying
all cancer cells, there is also a high probability of producing serious side
eﬀects in the surrounding tissue. On the other hand, a low dose might be
too small to control the tumour. It is the task of the physician to ﬁnd a
good compromise. This compromise is normally achieved by irradiating the
cancer from diﬀerent positions, known as ﬁelds. This prevents the tissue
surrounding the cancer volume from receiving high doses.
1.3 Hadron therapy
Hadron therapy, the irradiation of cancer with hadrons such as protons and
ions is an alternative form of cancer control. It was probably ﬁrst suggested
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Figure 1.2: Relative dose distribution of photons in water [1].
by R. Wilson [3] who, already in 1946, discussed the possibilities of using
protons and ions for cancer therapy. Protons and ions interact with matter
in a diﬀerent way than photons. While charged particles such as protons
produce ionisation directly, photons create ionisation indirectly via processes
like pair-production and photo-eﬀect. The intensity for photons per unit
path-length decreases thus producing less and less ionisation, yet without a
ﬁnite range. For heavy1 charged particles the energy deposit is characterised
by the Bragg curve shown in Fig 1.3. The main characteristics of this curve
are that
• about 50% of the energy of the particle is lost towards the end of its
path, and
• the particle has a deﬁned range after which it stops and does not
produce any further ionisation.
These characteristics give heavy charged particles a distinct advantage
over photons in terms of side eﬀects. While there still may be side eﬀects
in the entry channel which are comparable to those of photons, the range of
1Heavy is in contrast to photons and electrons. However, the literature frequently
refers to the particles used in hadron therapy as light ions in contrast to the much heavier
ions higher in the periodic table. This apparent inconsistency is a matter of context.
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Figure 1.3: Depth dose distributions for diﬀerent particles. Note the dif-
ferent behaviour of protons (Bragg peak) compared to other
particles [1].
the particle avoids unnecessary harm to the healthy tissue behind the cancer
volume.
Additionally, since most of the energy of the particle is deposited at
the end of its path in a very narrow peak, it is possible to localise the dose
distribution very precisely. In fact the localisation is so precise that until the
advent of new diagnostic methods such as Computer Tomography (CT) or
Nuclear Magnetic Resonance Imaging (MRI) it was not possible to localise
the cancer volume precisely enough to make full use of the advantages of
protons and ions.
The overall precision achievable with protons and ions is approximately
1 mm. Consequently, all equipment dealing with the beam delivery, the
dosimetry and the patient alignment has, ideally, to achieve a sub-millimetre
precision.
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1.4 The Proton Ion Medical Machine Study
Originally hadron therapy was performed by sharing high-energy physics
(HEP) accelerators in research laboratories. This approach may be suitable
for research, but is less than optimal for regular treatment. Apart from
the obvious conﬂict between two very diﬀerent user communities, the use
of HEP machines is a compromise in terms of the machine design. Today,
a worldwide demand exists for a dedicated machine which is optimised for
hadron therapy.
To further investigate this idea and to create a common design for such
centres, the Proton Ion Medical Machine Study, PIMMS, was created.
PIMMS was formed following an agreement between the Med-AUSTRON
(Austria) and the TERA Foundation (Italy) to combine their eﬀorts in the
design of a therapy synchrotron. CERN, the European Laboratory for Par-
ticle Physics, agreed to host this study in its PS Division with Phil Bryant
as the project leader. A close collaboration was set up with the GSI in Ger-
many and the group was later joined by Onkologie–2000 (Czech Republic).
The PIMMS group started its work in 1996 and has continued to work for
a period of three years.
To date, the design includes the layout for an accelerator capable of
accelerating carbon ions to 400 MeV/u which corresponds to about 27 cm
penetration depth in water. In the same machine, the protons energy is
essentially unlimited as far as medical uses are concerned. A synchrotron
was chosen since it oﬀers ﬂexible and precise beam energies for scanning
and is better suited to the acceleration of light ions. A sophisticated beam-
extraction scheme has been investigated to allow a smooth spill from the
accelerator. Matching elements for the beam delivery have been designed to
allow scaling and rotation of the beam in any way necessary for treatment.
The study is to be ﬁnalised by the beginning of 1999 and a two volume
report is in preparation.
1.5 Beam delivery and gantries
After the particles have been accelerated, they have to be brought to the
patient. For certain types of cancer, especially those in the head and neck
region, the patient can sit on a special chair where he is ﬁxed with respect to
a reference co-ordinate system. This is possible because the cancer is located
in a part of the body where organ movements are small. For all other types of
cancer this is not the case. The patient has to be immobilised on a patient-
table. Movements are kept to a minimum by means of a special mould
individually manufactured for each patient. Markers on the table allow
positioning to an alignment system with an accuracy of 1.5 mm or better [5].






Figure 1.4: The principle of active scanning.
The location of the cancer is determined byComputerTomograph (CT). CT
scans are performed with the patient lying horizontally. Since the organs
may move several centimetres on changing from the lying to the upright
position, the patient must always be irradiated in the same position. This
makes it necessary to move the beam around the patient, so that irradiation
can be performed from any position and from any angle. The beam has
to be bent to accommodate this, and the device to do this, the interface
between the accelerator and the patient, is called the gantry.
Gantries are enormous devices. They have a diameter of about 10 m
and must provide the magnetic bending of about 1/2 to 3/4 of the synchro-
tron magnets within a much smaller radius than the main synchrotron ring.
Existing gantries weigh 100 tons or more and are until now only capable
of delivering protons. Their size, weight and precision requirements make
gantries one of the most expensive parts of a hadron therapy centre. Thus
there is an ongoing search for lighter and simpler designs.
Chapter 2 presents an approach of using a lightweight gantry for passive
beam-spreading devices. It makes special use of super-conducting cables to
achieve a small bending radius. Since this gantry does not use any iron it
has the potential to be relatively light2. Unfortunately, it requires beam
conditions which do not match those necessary for hadron therapy.
Another issue for the beam delivery is the irradiation itself. For deliver-
ing the beam there are basically two possibilities:
Active scanning uses a thin pencil beam that is scanned over the area of
the cancer as shown in Fig 1.4. This method operates in a manner
2A design for the support structure and cryostat was not produced, but it would be
reasonable to assume that the iron yokes in a conventional gantry would weigh more.




Figure 1.5: The principle of passive beam spreading.
similar to the way a television set draws its picture. The thin pencil
beam is deﬂected by magnets and paints over the target volume. This
is repeated many times for diﬀerent depths. The depth is varied by
modifying the energy of the particle beam, which can be done actively
from the accelerator, or passively by introducing an absorber into the
beamline.
Passive beam spreading makes use of multiple scattering. The particle
beam is scattered by a system of absorbers shown in Fig 1.5. At some
distance from the scatterers, typically 2 – 3 m, the beam has grown to
a usable size of about 20 – 30 cm with a uniform intensity distribution.
Collimators are then used to shape the beam to the shape of the target
volume. With each spill from the accelerator one slice of the cancer
is irradiated. As with active scanning, the beam energy is changed to
modify the penetration depth.
Active scanning has a number of advantages. In particular, it is well ad-
apted to the treatment of complex three-dimensional cancer volumes. Fur-
thermore, it is probably the only way to treat patients with ions, since the
passive spreading of ions would produce a lot of nuclear fragmentation in
the scatterer and lead to an extra undesirable neutron and γ background.
However, active scanning techniques have the following disadvantages:
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Figure 1.6: A typical proton gantry [4].
• Active scanning requires fast dosimetry and scanning hardware.
• An extremely smooth spill is required from the synchrotron to facil-
itate the on-line dosimetry so that the irradiation ﬁeld matches the
treatment plan.
• Active scanning is slower than passive spreading, in the sense that an
irradiated slice is painted and not treated in one go, as with a scatterer.
• Active scanning is sensitive to tumour movements and produces hot
and cold spots. Passive spreading always irradiates uniformly and only
the boundaries see the eﬀect of movement and since the irradiation is
fast the eﬀect of this movement is reduced.
Passive spreading is a proven technique which has been used for many
years in diﬀerent research facilities. Its greatest strength is that it does not
impose many prerequisites on the accelerator. Furthermore, it does not need
extra hardware, except for the scattering system itself. These reasons make
passive scattering a more worthwhile system to study and improve. The
software, scatter, described in Chapter 4, does not merely repeat the func-
tions of previous software. It also accommodates the special requirements
and needs of a passive beam spreading system fed by a slow extracted syn-
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Before studying the light-weight gantry design, it is necessary to intro-
duce the basic terminology of linear beam optics. The basic parameters
to be considered when designing gantries are introduced. More complete
treatments of linear beam optics can be found in [6] and [7]. A light–weight
gantry is then discussed in detail based on the principle of a high-current
superconducting wire. The magnetic properties of this structure are ex-
amined and the suitability for designing a gantry based on this principle is
investigated.
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Figure 2.1: The co-ordinate system of the design orbit.
2.1 Linear beam optics
2.1.1 Single particle motion
In an accelerator there is one orbit, the design orbit, on which the accelerated
particles should travel. To keep particles on this path they have to be
deﬂected onto this path using electromagnetic ﬁelds E and B which exert a
force F known as the Lorentz force,
F = e(E + v × B) = ˙p (2.1)
on a charged particle with charge e and velocity v. For relativistic particles,
where v ≈ c, the magnetic force of 1 Tesla is comparable to an electric ﬁeld
of about E = 3 · 108 V/m. Whereas a magnetic ﬁeld of 1 T is easily accom-
plished with current technology, an electric ﬁeld of 3 · 108 V/m is beyond
the reach of technical possibilities. Thus, apart from a few exceptions only
magnetic ﬁelds are used in accelerators to guide particle beams.
2.1.2 Co-ordinate system of the design orbit
It is convenient to describe the particle motion in a volume around the
design orbit. The axes of this co-ordinate system are the direction s of
the particle and the horizontal and vertical axis x and z, respectively (see
Figure 2.1). For cases which are valid for both x and z, the letter y will
be used instead. Assuming that the particle is moving parallel to s, so
that v = (0, 0, vs) and that there is no component of the magnetic ﬁeld in
direction of the particle motion B = (Bx, Bz, 0), it is possible to describe
the particle motion by a balance of the Lorentz force Fx = −evsBz with
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dx3 compensation of ﬁeld errors
Table 2.1: The most important multipoles and their eﬀects on a particle beam
the centrifugal force Fc = mv2s/ρ. Here m denotes the mass of the particle






Bz(x, z, s). (2.2)
In general, the radius of the particle orbit is large compared to the di-
mension of the beam. It is useful to expand the magnetic ﬁeld around the
design orbit in a Taylor series,






















x3 + . . . (2.3)
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(2.4)




















x3 + . . . (2.5)
From this multipole expansion, only the ﬁrst two multipoles are of in-
terest, thereby restricting ourselves to the linear part of this expansion. The
ﬁrst term denotes a dipole, which is used for bending, the second term is
the quadrupole k, which is used for focusing. High-order terms such as the
sextupole are of interest for compensating chromaticity or ﬁeld errors (see
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Table 2.1). The sextupole in particular is used for exciting a resonance of the
beam, thereby allowing a controlled instability of the accelerator which is
used to extract the beam. This is called a resonant extraction and is used in
the PIMMS synchrotron design. Finally, it is assumed that the momentum
of a particle is well deﬁned to be p = p0 + ∆p. This is usually the case in
an accelerator where the momentum deviation ∆p is small compared to the
nominal momentum p0. The momentum spread ∆p/p is commonly smaller

























z′′(s) + k(s)z(s) = 0
. (2.7)
Equation (2.7)1 is derived assuming that the particle will only be deﬂec-
ted horizontally.
2.1.3 Solutions of the equations of motion
First consider special solutions of Equation (2.7) which resemble the solu-
tions of separate function magnets, where one tries to use pure multipole
magnets such as dipoles and quadrupoles. Combined function magnets
which, for example combine dipole and quadrupole ﬁelds are rare and only
used in special cases. In particular they lack the ﬂexibility of separate func-
tion magnets where it is possible to tune each component separately.
A solution for a quadrupole where there is no bending, hence 1/ρ = 0
and k is a positive constant, is















1For a derivation of Equation (2.7) see e.g. [6]
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where A and B are integration constants given by the boundary conditions.
Assuming a initial vector with position y0 and derivative y′0 at s = 0 Equa-
tion (2.8) can be written as,







































Similarly, solutions can be found for negative k and when k = 0, that is





 cos√|k|s 1√|k| sin√|k|s
−√|k| sin√|k|s cos√|k|s



















for k > 0 (defocusing)
(2.11)
Next consider a dipole with zero. quadrupole component, hence k =
0. Since ρ2 is always positive, there is only one class of solutions which
can be found by substituting −k with 1/ρ2 in Equation (2.11). Hence the
transformation matrix can be written as,
Mdipole =
(
cos sρ ρ sin
s
ρ
−1ρ sin sρ cos sρ
)
. (2.12)
Note, that the determinant of all these matrices is unity.
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2.1.4 Oﬀ-momentum particles
Now the behaviour of particles with a momentum that is not the nominal
momentum p can be examined, that is for particles with ∆p/p = 0. Ac-
cording to Equation (2.7) a momentum spread has an eﬀect only for particles
where 1/ρ(s) = 0, which implies that a momentum deviation only has an
eﬀect in dipoles. Implicitly the assumption is made that focusing is inde-
pendent of the momentum deviation, which is generally a good approxima-
tion. But detailed analysis shows that high-order eﬀects ﬁnally do have to
be taken into account. Correcting for this chromaticity is one of the uses
of a sextupole magnet. Limiting the discussion to the case where k = 0, it










Now a special orbit D(s), the dispersion orbit is introduced. It is deﬁned








This inhomogeneous diﬀerential equation is solved using the homogeneous
solution described earlier and a particular solution. Using suitable boundary
conditions at s = 0, with D(0) = D0 and D′(0) = D′0 we derive,













































A particle with a non-vanishing momentum deviation has therefore a posi-
tion,




Here x(s) is the position of a particle with nominal momentum, whereas
xD(s) is the additional position caused by the momentum deviation. In
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the absence of vertical bending, it is now possible to write 5 × 5 matrices
which fully describe the transformation when passing through a magnetic




cos sρ ρ sin
s




−1ρ sin sρ cos sρ 0 0 sin sρ
0 0 1 s 0
0 0 0 1 0




Up to now only single particles have been dealt with. Normally the be-
haviour of all particles in a beam is of interest. This can be investigated
with Equation (2.7), but assuming that there is no momentum deviation







y(s) = 0. (2.19)












Inserting Equation (2.20) into (2.19) yields that the function β(s), which














Though this equation looks far more complicated than the original Equa-
tion (2.19) it does have advantages. Once β(s) is determined, the transverse
solutions of the particles can be described as those of a simple harmonic os-
cillator. To determine β requires numerical methods for all but the simplest
cases. Accelerator design software generally tabulates the solutions of β,
once calculated for a given design. This can be seen more easily by rewrit-
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The functions α, β and γ are the Courant and Snyder functions, also known



















There is no dependence of the phase on the position and the solution is a






















The emittance E is a constant of motion. This can be seen by squaring
and adding the two parts of Equation (2.26). Using (2.24) this is often
written as,
E = γy2 + 2αyy′ + βy′2 = constant (2.28)
and is called the Courant Snyder invariant. Except for a factor of π,
the emittance is interpreted as the phase space area in the y-y′ phase space.
According to Liouville’s theorem this phase space remains constant for a
conservative system. Note however, that for a beam being accelerated, the
system is not conservative and hence the emittance2 can change. The emit-
tance can also be interpreted statistically, as the phase-space areas which
contains one standard deviation of the particle beam. This comes in es-
2Normalised emittance is conserved.
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〈y2〉〈x′2〉 − 〈yy′〉. (2.29)
The knowledge of the Twiss functions, and in particular of the β function
allows the motion of any particle in the beam to be described. With the
initial vector y(s1) and y′(s1), general equations which describe the position





(cosµ+ α1 sinµ) y1 +
√
β1β2 sinµ y′1 (2.30)
y′(s2) = −
√





(cosµ− α2 sinµ) y′1. (2.31)
This can also be written as a transfer matrix M(s2|s1), which transfers the



























This completes the vocabulary needed to continue the analysis of a light-
weight gantry design.
2.2 The idea of the light-weight gantry
Gantries in today’s hadron-therapy projects are enormous machines weigh-
ing 100 tons and more and having a diameter of up to 10 m [8]. In spite of
their size and weight they still have to be moved relatively quickly with a
precision of about 1 mm.
To open these devices to a broader application, such as a normal hospital
environment, it is essential to ﬁnd more compact and lighter designs. An




Sheet of superconducting material
Patient Table
Beam from accelerator
Figure 2.2: Concept of a light-weight gantry.
idea proposed by Benincasa [9] for such a compact and light-weight gantry
is discussed in this section. This proposal might well have been inspired by
an earlier report by Simon van der Meer [10], which describes a coaxial cable
for the beam transport of charged particles.
Existing gantries use a small number of separated function dipole and
quadrupole magnets. These lenses are based on conventional design prin-
ciples of surrounding a good ﬁeld region with iron pole surfaces, in the case of
normal magnets or with distributed conductors, in the case of superconduct-
ing magnets. In this classical approach, the pole surfaces or the windings are
relatively distant from the beam. This ensures a high ﬁeld quality, but has
also the eﬀect of making the lenses relatively massive and power-consuming
devices.
An alternative approach is to bring the beam very close to the surface of
a conductor where the ﬁelds are strong. The necessary bending and focusing
strengths can then be achieved with a relatively low power dissipation and,
within limits, the beam can be made to follow the conductor. Thus, the
conductor would produce a ﬁeld structure that would act like an optic ﬁbre:
a proton pipe.
This proton pipe uses a specially shaped conductor with an extremely
high current (of about 100 000A) to produce a guide ﬁeld for the beam de-
livery. Due to the large current needed, a superconductor has to be used.
The magnetic guide, a single conductor, is bent to give the shape of a clas-
sical gantry (see Fig 2.2). The cross-section of this conductor is a rectangle
with a slight indention in the middle. This indention controls the ﬁeld qual-
ity and provides extra focusing forces to stabilise the beam. Focusing is
then achieved radially through the geometric curvature of the conductor
and transversely through the shape of the conductor. The beam itself is





5 mm 10 mm
Figure 2.3: Cross-section of the superconducting proton-pipe.
located a few millimetres above the conductor surface (see Figure 2.3).
In principle, four diﬀerent conﬁgurations are possible to guide the beam
along the conductor. The ﬁrst possibility is to lead the beam on the in-
side of the conductor with opposite currents (Fig 2.4). This leads to radial
stability since it is possible to match the magnetic and the geometric bend-
ing on an equilibrium orbit a few millimetres from the conductor surface.
The opposing currents repel and the beam cannot reach the conductor. If
the beam moves away, the geometric curvature of the conductor eventually
brings it back to the equilibrium orbit, since the magnetic bending weakens
with distance. Therefore the beam can recover from small perturbations
and is in stable equilibrium radially. This conﬁguration can be used as a
radially focusing section.
Another possibility is to guide the beam on the outside (see Fig 2.5).
This leads to a structure which has an equilibrium orbit since the parallel
currents attract, and the attraction is balanced by the geometric curvature.
However, if the beam moves nearer to the conductor the ﬁeld strengthens,
the geometric curvature is insuﬃcient and the beam hits the cable. When
the beam moves out, the ﬁeld weakens and the geometric curvature is too
strong and the beam is also lost. Thus, the beam has an equilibrium orbit,
but is always unstable radially. This structure can be used as a radially
defocusing structure.
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Conventional positive current
in conductor and positive
beam current
Figure 2.4: A radially focusing section.
Figure 2.5: A radially defocusing section.
Figure 2.6: Two sections with unstable equilibrium.
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Finally, there are two other possible combinations each of which are both
unstable radially and do not have an equilibrium orbit (see Fig 2.6).
2.3 Calculations
To understand and predict the main characteristics of a proton pipe, it is
interesting to calculate the ﬁeld around a rectangular conductor. This can be
derived analytically. The results can then be compared with those obtained
numerically from a identical shape.
Consider a current element j∆X∆Z with a current density j, at position
(X,Z) in a rectangular conductor 2b high and 2a wide (see Fig 2.7). The
ﬁeld around this current element is given by the Biot–Savart law. The
contribution to the vertical ﬁeld on the median plane can be written and
integrated for all current elements in the conductor.










where ∆I = j∆X∆Z, ρ =
√
(R−X)2 + Z2, so that,
∆BZ =
µ0j∆X∆Z
2π[(R −X)2 + Z2] (R−X). (2.36)





Figure 2.7: Cross-section of a rectangular conductor.
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Rectangular conductor Analytic
OPERA2D
2n- B0bn Field derivative Field derivative
pole [G] [G],[G/cm] etc. [G], [G/cm]
n
1 15920.6 Bz Bz
15921 15920
2 -3337 dBz/dx dBz/dx
-6675 -7154
3 533.7 d2Bz/dx2 d2Bz/dx2
4429 4646
4 -57.9 d3Bz/dx3 d3Bz/dx3
-2776 -224000
Table 2.2: The comparison between the results from OPERA2D and the ana-





























2.4 Results from OPERA2D
The proton pipe was modelled using the ﬁnite element program OPERA [11].
The program is capable of calculating the magnetic ﬁeld components. It
is also capable of tracking a beam through a magnetic structure. OPERA is
made up of two parts – a two- and a three-dimensional module.
A two dimensional modelling of the cross-section of the conductor sheet
was performed to analyse the ﬁeld components. The conductor was mod-
elled as a rectangular sheet of 30×10 mm2. This rectangle was then indented
with a radius ranging between 100 mm and 16.25 mm. The current-density
of the conductor was always corrected to produce a magnetic ﬁeld of 1.59 T
on the beam orbit 10 mm above the middle of the conductor. This cor-
responds to a bending radius of the gantry of 1.35 m for 200 MeV protons
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(Figure 2.3). This somewhat arbitrary ﬁgure is justiﬁed by the fact that the
beam should be as near as possible to the conductor in order to maximise the
magnetic ﬁelds and also to reduce the necessary current in the conductor.
On the other hand, the beam should be far enough away that beam losses are
minimised. Furthermore, the beam should not hit the conductor and cause
a quenching of the superconductor. With an expected beam emittance of
about 2 πmm mrad a distance of about 10 mm seems acceptable.
After modelling the conductor the multipoles were analysed using a
routine by Mikko Karppinen (see Appendix A.2) to calculate the multi-
pole expansion for a radius of 5 mm around the beam orbit. To be able to
validate the numerical results, a comparison with a simple wire was made
which can be treated analytically (see Appendix A).
The results from the calculations can be seen in the following tables.
The values of Bφ and Br at 3 points as indicated on Figure A.1 are also
plotted. The skew terms were assumed to be equal to zero, since they
are smaller than the error given by OPERA-program of about 1%. Using












(−an cosnφ+ bn sinnφ)( r
r0
)n−1 (2.40)
Table 2.3 shows that the indention only changes the multipoles very
slowly. The quadrupole ﬁeld at point φ = 0 and r = r0 is only of the
order of 20% of the magnitude of the dipole ﬁeld. The sextupole ﬁeld has a
magnitude of about 3% and the octupole ﬁeld a magnitude of about 0.3%
of the dipole ﬁeld.
The calculation shows that a focusing eﬀect is present. However, the
focusing eﬀect decreases with larger indention, even though the strength of
the magnetic ﬁeld remains the same. The higher order terms on the other
hand are always present and are of the order of a few per mil to few percent
of the dipole ﬁeld and hence are not negligible. The system therefore appears
to be very non-linear.



































indention R = 16.25 mm
Table 2.3: The multipole expansion for diﬀerent degrees of indention.
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Figure 2.8: TWISS functions for a 30 cm section.
2.5 Results from MAD
The magnetic properties of the proton pipe were used as input for the stand-
ard accelerator program MAD [12]. To obtain a valid picture, the structure
was simulated as a set of elementary multipoles of 5◦ with 200 MeV protons
(Bρ = 2.1496[Tm]) and a radius of the gantry of 1.35 m. This corres-
ponds to 0.01178 m per element in length. The input beam was assumed
to be 1πmm mrad in both planes (total emittance) and to be focused to
βx = βz = 4 m and αx = αz = 0. No momentum spread was assumed.
Figure 2.8 shows the evolution of the TWISS functions of the beam. After
26 steps which correspond to 30 cm distance, the beam reaches a radius of
5 mm. At this point βz = 27 m, which is not unreasonable, but αz = −121
which is large and βx = 0.027 m, which is extremely small. It should be
noted that the lattice functions only describe the linear part of the motion.
The beam is strongly focused radially and defocused vertically. Therefore
if the beam is allowed to continue, it will grow catastrophically in the vertical
direction.
2.5.1 Continuing the structure
In order to continue the structure in a stable way it has to be converted
into an FD-structure. This can be done by attaching a radially defocusing
structure to a focusing one. The disadvantage of this approach is that the













Figure 2.9: Cross-section of a 2-bar structure.
size of such a structure is very short and cannot be greater than 60 cm in
length.
A diﬀerent and elegant solution [13] of changing from a focusing to a
defocusing element (and vice versa) is by using a 2-bar structure with small
kinks as shown in Figure 2.10. The kink has to be small enough so that the
beam is not perturbed by the change between diﬀerent sections.
The 2-bar structure is a modiﬁcation of the original idea and now in-
cludes the return coil which is located opposite the original conductor (see
Figure 2.9). The distance between the two conductors is chosen to be the
smallest physically possible, which is when the distance between the primary
conductor and the most distant edge of the good ﬁeld region is equal to the
distance from the return conductor to the same edge of the good ﬁeld region.
Introducing the second conductor not only allows an easy way of con-
structing a stable FD-structure, it also introduces some positive eﬀects in the
overall system. The current-density can be reduced by 40% and the quad-
rupole strength is reduced by a factor of four. The reduction of the current
density makes the design of a simpler and a more reliable superconductor
possible, whereas the reduced quadrupole strength allows the construction
of a stable FD structure.





Figure 2.10: A 2-bar structure with a kink to allow the change of focusing
forces.
Now a stable 45◦ structure can easily be constructed and the TWISS
functions can be plotted (Fig 2.8). Joining together three 45◦ elements,
creates a complete gantry as shown in Figure 2.2 and the β-functions can
be matched (see Figure 2.11). It must be stressed that this still excludes
any momentum spread and higher order terms of the multipole expansion
are still not taken into account. It therefore must be seen as the best case
scenario. Introducing a momentum spread of only 0.1% changes the picture
dramatically as shown in Figure 2.12. The beam grows larger in size and is
getting closer and closer to the superconductor, which it will eventually hit.
This could lead to a quenching of the magnet.
To avoid this a beam with almost zero momentum spread would have to
be injected. Additionally, the tolerances on the engineering are very high
and may be unrealistic.
2.6 Discussion of the results
The main problems with the described structure are the presence of strong
multipole ﬁelds to high order and the lack of tuneablility of the ratio of
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Figure 2.11: TWISS functions for a full 135◦-gantry.
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Figure 2.12: TWISS functions for a full 135◦-gantry with 0.1% momentum
spread.







































   
   


































































































   
   




















   
   




















   
   


















   
   




   
   
   



























































































































































































































































   
   


































































































   
   




















   
   




















   
   


















   
   




   
   
   




































































































































Figure 2.13: Magnetic ﬁeld of a 2-bar structure calculated with OPERA2D
CHAPTER 2. THE LIGHT-WEIGHT GANTRY 31
dipole to quadrupole ﬁelds, which makes this device diﬃcult to use. In
particular the following points can be made:
• Due the ﬁxed ratio of the strength of the quadrupole to the dipole
ﬁelds, it is not possible to change the beam size.
• For a beam with a momentum spread, the variation of the β-function
is catastrophic, which means that the acceptance of the lattice is very
small ( 0.1%)
• The admittance is very small. Only a beam with a diameter of 10 mm
or smaller can be accepted, otherwise the beam will hit the cryogenic
system.
• Apart from the above the mechanical and cryogenic design poses sev-
eral problems. It would be necessary to clamp the 2-bar structure in
a collar arrangement that would in many ways resemble a standard
superconducting dipole.
• The length of this structure would make it diﬃcult to prevent ﬂexing
that could cause quenches.
To correct for all these problems it would be desirable to diminish these
multipoles and to produce a pure dipole ﬁeld, essentially breaking up the
structure into separate function magnets. This is possible, and the 2-bar
design is the ﬁrst step in building such a structure. This is closer to the
design of conventional superconducting magnets.
In superconducting magnets, due to the high ﬁelds achievable, the iron
yoke does not contribute much to the ﬁeld quality. This is because at high
magnetic ﬁelds, the iron becomes saturated and therefore the magnetic per-
miabillity decreases to 1. Saturated iron therefore does not contribute more
to the ﬁeld than the surrounding air. Superconducting magnets are con-
structed by giving the coils a speciﬁc shape which then make the desired
ﬁeld. The ideal current ﬂow for superconducting magnets is shown in Fig-
ure 2.14 for a dipole and in Figure 2.15 for a quadrupole [14]. These layouts
achieve pure multipole conﬁgurations due to the distribution of their current
ﬂow. This already has some similarity with the 2-bar structure. In practice,
it is not so easy to achieve this conﬁguration and it is replaced by layers of
conductors in blocks.
2.7 Conclusions
The proton pipe can be considered to be a nonlinear magnet system. Even
though the higher order terms are not as high as expected, they are non-
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Figure 2.14: Ideal shape for a superconduction dipole.
Figure 2.15: Ideal shape for a superconducting quadrupole.
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etheless not negligible. Correction magnets, such as a correcting sextupole
or even an octupole, may have to be introduced.
Even though the higher terms are small, these multipoles will have more
impact than in normal magnets since the length of conventional magnets
is small compared to this magnetic guide. Here the particles sense the
sextupole and octupole ﬁelds all along the entire path through the beam
guide. This could be as long as 6 to 8 m in a gantry.
The focusing of the beam guide can be considered to be of the weak
focusing type when not taking higher order terms into account. Further
focusing may be necessary by using conventional quadrupole in any case,
magnets. For a gantry two such magnets will be needed in any case, in
order to change the spot size needed for irradiation.
Changing the shape of the conductor does not have the desired eﬀect.
The quadrupole ﬁeld of the system does not increase with increasing inden-
tion. Since the calculated shape is ideal and would have to be approximated
by superconducting wires, it seems best to use a simple rectangle with either
no or a very small indention.
Although a long enough stable FD section can be constructed using a
2-bar structure and kinking the superconductor, it is very sensitive to even
small momentum spreads and requires engineering tolerances which are dif-
ﬁcult to achieve. The idea of using such a structure for constructing a gantry
is therefore not feasible. With the knowledge that this structure ultimately
is the starting point for the design of conventional superconducting magnets,
the discussion shifts towards whether a superconducting gantry is feasible
for a hospital environment. Since a superconducting gantry would only sat-
isfy the weight requirements when built without iron yokes, investigations
would have to be carried out whether the resulting stray ﬁelds are accept-
able in such an environment. If so, a superconducting gantry could well be
of interest, especially for an ion gantry, where the magnetic ﬁelds have to
be nearly ﬁve times stronger to achieve the same bending radius.
The price paid, besides the stray ﬁelds, is that another technology has to
be introduced into the system. It would then be necessary to have a separate
cryogenics engineer to support this gantry. It is important to note that
although hospitals nowadays use superconducting magnets in NMRs, these
devices only have a static ﬁeld and hence are easy to maintain. In contrast,
a superconducting gantry consists of active magnetic elements which have to
change their ﬁeld rapidly, with the danger of malfunctioning. This appears
to be more evident when considering environments in which such a gantry
is placed. Hospital equipment has to be safe, fault-tolerant and has to have
a high ‘up-time’ to be used eﬃciently.
The net result is that a conventional superconducting magnet structure
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This chapter will deal with the theory of multiple scattering. An un-
derstanding of multiple scattering is necessary for the design of passive
spreading systems. After a short introduction to Molie`re’s theory of mul-
tiple scattering, a Gaussian approximation of Molie`re’s theory by Highland
is described.
In Section 3.2.3, formulae for thick-scatterers are derived which give a
description of the beam envelope and the emittances after scattering by a
34
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uniform, isotropic absorber of arbitrary thickness. The derivation exploits
the statistical description of the beam given by the well-known σ-matrix and
the ﬁnal expressions are written in terms of Twiss beam parameters. The
modiﬁed Twiss parameters apply to the beam envelope and emittances and
cannot be used for single particle tracking, since the concept of the betatron
phase advance for an individual particle is lost when crossing the scatterer.
Finally, the Twiss-Scatterer relations are shown to be in excellent agreement
with Monte-Carlo tracking.
3.1 Multiple scattering
Heavy charged particles when traversing matter are subject to repeated in-
elastic scattering with atomic electrons, as well as elastic coulomb scattering
from nuclei. Inelastic electron scattering is the reason for most of the en-
ergy loss of the traversing particle. Elastic nuclear scattering results in large
deviation of the particle from its original path. The cross-section of elastic








with Z the atomic number of the material and z the number of elementary
charges of the incoming particle. The remaining variables are:
c, the speed of light: c = 299 792 458ms−2
β, the velocity in units of the speed of light c.
me, the electron mass: me = 0.510 999MeV/c2
re the classical electron radius: re = e2/4π0mec2 = 2.81794 fm.
Due to the 1/ sin4(θ/2) dependency, the vast majority of collisions result
in very small scattering angles. Since scattering is isotropic, the cumulative
eﬀect of many Rutherford scattering processes is small and in fact the ex-
pectancy of θ is zero. Large deﬂections can thus be attributed to cases with
single collisions of large angle.
In the case of a suﬃciently large material layer1 and hence a suﬃciently
large number of single scattering, the scattering process is called multiple
1This can consist of layers of diﬀerent material.
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scattering. The most diﬃcult problem in multiple scattering is to evaluate
the distribution of the projected cumulative scattering angle. This prob-
lem has been tackled many times by various authors, yet there seems to
be a common agreement in the literature that multiple scattering is best
described by the theory of Molie`re [15] with corrections and additions made
by Bethe [16], Fano [17] and Scott [18].
Molie`re’s theory limits itself to the scattering of cumulative scattering
angles of smaller than 20◦. It therefore excludes phenomena such as back-
scattering. However, 20◦ is a very large angle when looking at most applica-
tions of multiple scattering. Since Molie`re’s theory is somewhat complicated
and technical, the theory is only presented so far as to mention the most
important concepts. For the application of multiple scattering in hadron
therapy, especially in the design of passive spreading systems, it is possible






Figure 3.1: Multiple scattering
Multiple scattering can be seen as a diﬀusion of a particle through a layer
of material. The distribution function f(θ, x) can be written as a transport
equation,









which expresses the probability of a charged particle being scattered by an
angle χ in a cell θ when traversing a layer of material from x to x+dx. Ξ(χ)
is the single scattering distribution.
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A natural choice for the single scattering diﬀerential cross-section is of
course Rutherford’s Equation (3.1), thereby replacing sin θ by θ, since we are
only interested in small scattering angles. Rutherford’s equation does not
take into account the eﬀects of a Coulomb ﬁeld screened by orbital electrons.
It therefore has to be replaced by a formulation which takes these eﬀects
into account. This formulation by Molie`re [19] introduces a screening angle








The characteristic single scattering χc is dependent on the material thick-





with L the absorber thickness and where c3 is a constant which depends only
on physical constants, the particle species and the material. The constant










The only newly introduced symbols are: c, which is 1.9732MeVcm and
e2/c, the ﬁne-structure constant α = 1/137.036. The physical interpret-
ation of the characteristic single scattering angle χc is that on average a
particle suﬀers exactly one deﬂection larger than χc in its traversal through
the target.
The screening or cut-oﬀ angle χ2a is introduced to explain the deviation


























The variable αB in Equation (3.6), which measures the deviation from














To continue the discussion, the logarithm of the eﬀective number of col-







The reduced target thickness, B, is deﬁned as the root of
B − lnB = b, (3.12)
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With these deﬁnitions, it is now possible to calculate the probability
distribution of the multiple scattering angle θ. The transport Equation (3.2)
is not directly integrateable. It is therefore approximated via a power series
expansion in B, where the ﬁrst three terms of the power series are taken
































The ﬁrst term f (0) evaluates to 2e−θ′2 and is simply a Gaussian. The
other two terms have to be evaluated numerically and are generally tabu-
lated (see Table 3.1). Figure 3.2 shows these diﬀerent functions. Clearly, for
large material layers and thus for large B, the Molie`re distribution slowly
approaches a Gaussian distribution. This can easily be interpreted statistic-
ally as a result of the Central Limit Theorem, which states that for a set of
n random variables xi with mean 〈x〉 and variance 〈x2〉, the distribution of
the sum of all xi converges towards a Gaussian distribution for large n, with
a mean of y = 〈x〉 and a variance of 〈x2〉/n [20]. The convergence though is
very slow, since the contributions for large angles drops with approximately
1/B.
3.1.2 Molie`re theory with energy loss
It is an often forgotten fact that Molie`re extended his theory to two problems
of practical value: large absorbers with considerable thickness where the
energy loss is not negligible and compound materials. For passive spreading
systems discussed in Chapter 4 only thick scatterers are of interest and will
be dealt with.
To treat large scatterers and the occurring energy loss, it is necessary
to redeﬁne some of the earlier introduced properties. To distinguish them
from the ones introduced in Section 3.1.1, they will be denoted with a bar,
e.g., χ¯2c .
In addition to Molie`re’s expansion of the theory, it is necessary to make
corrections introduced by Fano [17] and generalised by Scott [18]. These cor-






















Figure 3.2: The power series functions of the Molie`re distribution. Note, that
the contributions of the tails are due to the second term f (1)
which decreases with 1/B and hence the convergence towards a
Gaussian distribution is very slow.
rections take into consideration the scattering from atomic electrons which
are the reason for the energy loss.
The modiﬁcations introduced are formulated so as to preserve the form
of Equation (3.11). Equations (3.11) through (3.16) remain valid. Thus to


















′) is found at each depth of the target t′ with the correct values of
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Tabulated values of f (0), f (1) and f (2)
θ′ f (0)(θ′) f (1)(θ′) f (2)(θ′)
0.000000 2.0 0.845569 2.49293
0.200000 1.921579 0.703826 2.069386
0.400000 1.704288 0.343678 1.048794
0.600000 1.395353 -0.077667 -0.004414
0.800000 1.054585 -0.39809 -0.606832
1.000000 0.735759 -0.528482 -0.635876
1.200000 0.473856 -0.477025 -0.308646
1.400000 0.281717 -0.318272 0.052453
1.600000 0.154609 -0.139564 0.242221
1.800000 0.078328 -0.000610 0.23865
2.000000 0.036631 0.078229 0.131619
2.200000 0.015814 0.105414 0.019637
2.400000 0.006302 0.100782 -0.046722
2.600000 0.002318 0.082618 -0.064886
2.800000 0.000787 0.062473 -0.054602
3.000000 0.000247 0.045505 -0.035685
Table 3.1: The values of the power series function of the Mole`re distribution.
β and p found at that depth. These integrals in Equations (3.17) and (3.18)
have to be evaluated numerically. The method for evaluating these integrals
can be kept rather simple and they are discussed in Section 3.1.5.
3.1.3 Scattering from atomic electrons
One ﬁnal addition has to be made in order to enhance the theory, namely
the additional scattering of the incident particle by atomic electrons which
is treated diﬀerently from the energy loss described above. Again it was
Fano [17] who introduced the correction. He suggested to add a quantity
















This correction is dependent on the particle energy, as well as on the target
material. It is thus only suitable for thin elementary materials. Scott [18]
generalised the correction for thick targets by changing χ¯2a to,
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The parameters lrad and l′rad
Element Z lrad l′rad
H 1 5.31 6.144
He 2 4.79 5.621
Li 3 4.74 5.805




























Now the Molie`re distribution and the characteristic scattering angle θM
can be calculated taking into account the energy loss and the additional
scattering due to atomic electrons.
3.1.4 Highland’s approximation of Molie`re’s theory
As shown above, Molie`re’s theory is rather complicated and diﬃcult to apply.
This is especially true if one wants to simulate a large number of particles
traversing an absorber with variable thickness. It is therefore necessary
to make a simple approximation which can be used for the application of
passive beam-spreading techniques.
Such an approximation was described by Highland [22, 23] and is a Gaus-
sian approximation of Molie`re’s theory.
The key to Highland’s approximation is that the radiation length is an
adequate measure for describing multiple scattering. The radiation length
has very little in common with multiple coulomb scattering, as it is deﬁned
as the length in which an electron loses all but 1/e of its energy through







Z2[lrad − f(Z)] + Zl′rad
)
, (3.21)
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with re the classical electron radius and α the ﬁne-structure constant. The
quantities lrad and l′rad are tabulated in Table 3.2 and can be approximated
for all but the lightest elements. The function f(Z) is an inﬁnite sum and





+ 0.20206 − 0.0369a2 + 0.0083a4 − 0.002a6
]
, (3.22)
where a = αZ.
The interesting discovery of Highland now was to relate the radiation
length to the multiple scattering theory of Molie`re. Both properties include
a factor NAZ2/A and he therefore introduced a Gaussian approximation of


















with z the number of elementary charges of the incoming particle. The
actual numbers vary in the literature and the factor in front of the log term is
1/8 in Highland’s original paper [22] instead of the factor 1/9 which is quoted
elsewhere [24, 25]. Equation (3.23) is also said to take into account the
energy loss of a particle while traversing the scatterer. Therefore, Highland’s
equation is valid over a large range of absorber thicknesses and according to
Reference [21] Equation (3.23) is valid from a 0.001 up to 100LR.
3.1.5 Gottschalk’s improved Highland equation
Clearly such a statement can only be true for particles with suﬃcient kinetic
energy, since the range of protons with energies used in hadron therapy
(about 200 MeV) is only a few radiation lengths long. Figure 3.3 shows that
the accuracy for Highland’s Equation (3.23) deviates quite considerably for
larger absorber thickness.
It is therefore necessary to modify Highland’s Equation (3.23) to accom-
modate considerable energy loss and relatively low particle energies. Such
an improvement was suggested by Gottschalk et al. [24]. Equation (3.23) is
then modiﬁed as,:w




















Absorber thickness (in radiation lengths)
Characteristic Scattering angle for lead
Range of Protons
Measured data (Gaussian approx.)
Highlands equation
Figure 3.3: A comparison of data taken from Reference [24] with Highland’s


































This method is equivalent to the method Molie`re suggested for evaluating
the integrals in Section 3.1.2.
The integral is split up into a number of slices, the number of which de-
pends on the thickness of the scatterer. Absorbers where the average energy
loss is smaller than 50% of the original particle energy can be calculated in a
single slice. For scatterers larger than this limit, extra slices should be intro-
duced, but since (1/pβc)2 changes rapidly for a particle towards the end of
its path, the slices should not be of equal size, but should be chosen in such




















Absorber thickness (in radiation lengths)
Characteristic Scattering angle for lead
Range of Protons
Measured data (Gaussian approx.)
Highlands generalized equation
Figure 3.4: Comparison between measured data and the improved Highland
Equation(3.24). The predicted scattering angles for thick scat-
terers are vastly improved compared to the ones of the original
Highland Equation (3.23).
a way that the integral steps are roughly equal. A good choice, according
to Reference [24], seems to be to make the following slice 1.6 times smaller
than the previous slice. In total, no more than 8 slices are needed for any
material for absorbers up to 97% of the range of an incident particle. For the
application of passive beam spreading the total thickness of the scattering
system should be as small as possible and should never be more than 50%
of the range. It is therefore suﬃcient to evaluate Equation (3.24) in one
slice. The energy of the particle has to be known only at three points; at
the entrance to the scatterer, in the middle and at the exit of the absorber.
The theory breaks down when particles have lost on average 97% of their
energy. At this point the energy spread of the particles is equal to their
mean energy and any analytic formulation must fail.
3.2 Scattering seen through the Twiss functions
In the following, multiple scattering described in the standard Twiss func-
tions, already discussed at the beginning of Chapter 2, is introduced. Once
scattering can be parametrised and described by the phase-space ellipses, it
can be included in lattice optics programs and even be made part of match-
ing routines. It is then possible, for example, to match to speciﬁed emittance
CHAPTER 3. MULTIPLE SCATTERING IN HADRON THERAPY 46
values (providing of course that they are larger than the original values), or
to adjust the beam size as a function of the emittance and the betatron
amplitude function β.
Although some aspects of scattering in an uncorrelated beam have been
described earlier, this will now be redone using the σ-matrix formalism [26].
The analysis will start with an uncorrelated beam and will later be exten-
ded to the correlated case. The approach used here is more rigorous than
that commonly found in the literature, since the correlation between angle
and displacement, which occurs during scattering is taken into full account
and thus provides a more general result. The earlier work made simpliﬁed
assumptions which are well suited for thin scattering or stripping foils, but
which are not valid for thick scatterers.
3.2.1 The σ-matrix formalism
Consider a beam where the particles are describe via a vector y which con-
tains the position y and divergence y′ of the particle,
y =
(
x x′ z z′
)
(3.26)
Without loss of generality one can assume that the average of the position












(yi − 〈y〉)(y′i − 〈y′〉) (3.28)
will be in general non-zero and can be associated with the emittance and
the Twiss functions deﬁned in Chapter 2.
Let σ deﬁne a matrix called the σ-matrix [26] as,
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(x x′ z z′)〉
(3.29)
which contains as elements all variances and co-variances of the positions




〈xx〉 〈xx′〉 〈xz〉 〈xz′〉
〈xx′〉 〈x′x′〉 〈x′z〉 〈x′z′〉
〈xz〉 〈x′z〉 〈zz〉 〈zz′〉
〈xz′〉 〈x′z′〉 〈zz′〉 〈z′z′〉

 (3.30)
A linear transformation M, which transforms the state y1 to y2 can be
applied,
y2 =My1. (3.31)
Applying Equation (3.31) to the deﬁnition of Equation (3.29) yields,





The matrix M can be a linear transformation for any linear lattice as
described in Section 2.1.5. Therefore the knowledge of the σ-matrix at one
point in the accelerator lattice is suﬃcient to calculate the σ-matrix at any
other point in the lattice.
Now consider the quantity W, deﬁned as,
W = yTσ−1y. (3.34)
Provided the inverse of σ exists, σ−1 is called the error matrix. Evaluating
W at two positions y2 and y1 related via y2 =My1 leads to
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W2 = yT2 σ
−1
2 y2 = (My1)




Using (3.33) and the relationship (abc)−1 = c−1b−1a−1,
σ−12 = (Mσ1M
T)−1 = (MT)−1σ−11 M
−1. (3.36)
Substituting this into (3.35) results in,








y1 = yT1 σ
−1
1 y1 =W1 (3.37)
Thus, W is an invariant of the beam.
3.2.2 The link between the σ-matrix and the Twiss functions
A beam without correlation between the two transverse planes x and z is





〈xx〉 〈xx′〉 〈xz〉 〈xz′〉
〈xx′〉 〈x′x′〉 〈x′z〉 〈x′z′〉
〈xz〉 〈x′z〉 〈zz〉 〈zz′〉





〈xx〉 〈xx′〉 0 0
〈xx′〉 〈x′x′〉 0 0
0 0 〈zz〉 〈zz′〉




Inverting σuc, one can calculate the invariant W using Equation (3.34),
W =
(x x′ z z′)


〈x′2〉 〈 − xx′〉 0 0
〈 − xx′〉 〈x2〉 0 0
0 0 〈z′2〉 〈 − zz′〉
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W =









Thus, for an uncoupled beam, the invariant W can be separated into
two independent invariants Wx and Wz
W = x2〈x′2〉 − 2xx′〈xx′〉+ x′2〈x2〉︸ ︷︷ ︸
Wx
+ z2〈z′2〉 − 2zz′〈zz′〉+ z′2〈z2〉︸ ︷︷ ︸
Wz
. (3.41)
This can be written as,
Wuncoupled = yTσ−1y = xTσ−1x x︸ ︷︷ ︸
Wx
+ zTσ−1z z︸ ︷︷ ︸
Wz
. (3.42)
Looking at Wx of Equation (3.41) for an uncoupled beam,
Wx = 〈x′2〉x2 − 2〈xx′〉xx′ + 〈x2〉x′2 (3.43)
one is reminded of the Courant-Snyder invariant derived in Equation (2.28),
Ex = π(γxx2 + 2αxxx′ + βxx′2). (2.28)




〈x2〉〈x′2〉 − 〈xx′〉, (2.29)
it is possible by comparison with Equation (3.43) to express the Twiss para-
meters in terms of elements of the σ-matrix











Finally, the bridge between the σ-matrix an the Twiss parameters is





〈x2〉 〈xx′〉 0 0
〈xx′〉 〈x′2〉 0 0
0 0 〈z2〉 〈zz′〉





Exβx −Exαx 0 0
−Exαx Exγx 0 0
0 0 Ezβz −Ezαz




3.2.3 A thick scatterer with an uncoupled beam
With the underlying theory of the σ-matrix, scattering expressed in Twiss
parameters can now be developed [27]. Assuming that the beam is uncor-
related in the x − x′ and z − z′ planes at the entry to the scatterer, the
correspondence between the σ-matrix and the Twiss formalism can be writ-
ten as seen in Equation (3.45).
Consider a particle with co-ordinates y0 = (y0, y′0) at the entry to a scat-
terer (see Figure 3.5). Multiple scattering will cause the particle to deviate
from its original path. Instead of exiting at the scatterer of thickness L at
co-ordinates (y1, y′1) the path will be perturbed and the particle will exit at
the new co-ordinates (y2, y′2) (see Figure 3.5). Compared to the unperturbed
path the particle will have received an additional angular deﬂection θs and
will have undergone a displacement δy.
The scattering is completely isotropic and unrelated to either y1 or to y′1,
but there is a correlation between θs and δy. This correlation is completely






Using the deﬁnition of the correlation coeﬃcient for two variables x and y,





































































1 + θs. (3.49)
By squaring Equation (3.49) and then averaging over the whole beam, the
increase in divergence can be related to the characteristic scattering angle
of Equations (3.23) and (3.24).
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〈y′22〉 = 〈y′21〉+ 2〈y′1θs〉+ 〈θ2s〉, (3.50)
where 〈θ2s〉 = θ20 and 2〈y′1θs〉 = 0 because y′1 and θs are uncorrelated. Thus,
the new divergence is given by
〈y′22〉 = 〈y′21〉+ θ20. (3.51)
Similarly from,















. Finally, the change in the cross-term yy′ is given
by evaluating
〈y2y′2〉 = 〈(y1 + δy)(y′1 + θs)〉 (3.54)
which results in
〈y2y′2〉 = 〈y1y′1〉+ 〈θsδy〉+ 〈y1θs〉+ 〈y′1δy〉. (3.55)
As mentioned earlier, the scattering is isotropic and has no correlation
in y1 or y′1, so the last two terms in Equation (3.55) average to zero. The
second term, however, makes a ﬁnite contributions, since large scattering
angles tend to be associated with large displacements.





The changes due to multiple scattering are described statistically in
Equations (3.51), (3.53) and (3.54) and thus provide the three relationships
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needed to solve for the Twiss functions after scattering. Thus, using the
correspondences in the matrix of Equation (3.45),
E2γ2 = E1γ1 + πθ20














The right-hand side of each Equation in (3.57) is fully evaluated by
conditions at the entry to the scatterer and by the characteristics of the






















AB − C2. (3.59)


















Backsubstitution into Equation (3.57) now yields the Twiss functions after
the scatterer.
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3.2.4 Extension towards a coupled beam
The approach given in the previous section can now be generalised to coupled




〈xx〉 〈xx′〉 〈xz〉 〈xz′〉
〈xx′〉 〈x′x′〉 〈x′z〉 〈x′z′〉
〈xz〉 〈x′z〉 〈zz〉 〈zz′〉
〈xz′〉 〈x′z′〉 〈zz′〉 〈z′z′〉

 (3.61)
By using the same technique as for the uncoupled beam — adding the
scattering and then squaring and averaging over the beam — the overall
eﬀect of scattering can be evaluated. Since scattering is isotropic, the ele-
ments of the σ-matrix which do not describe the coupling remain the same
and are not aﬀected. The only additional work to be done is to deal with
the three coupled terms in the matrix.
Starting with
〈x2z2〉 = 〈(x1 + δx)(z1 + δz)〉, (3.62)
which can be transformed to
〈x2z2〉 = 〈x1z1〉+ 〈x1δz〉 + 〈z1δx〉+ 〈δxδz〉
= 〈x1z1〉,
(3.63)
thus resulting in no extra change, since scattering does not introduce coup-
ling between the x and z planes and all coupling terms cancel.
Similarly,
〈x2z′2〉 = 〈(x1 + δx)(z′1 + θz0)〉
= 〈x1z′1〉+ 〈x1θz0〉+ 〈z′1δx〉 + 〈θz0δx〉
= 〈x1z′1〉
. (3.64)
Finally the last term,
〈x′2z′2〉 = 〈(x′1 + θx0)(z′1 + θz0〉
= 〈x′1z′1〉+ 〈x′ − 1θz0〉+ 〈z′1θx0〉+ 〈θx0θz0〉
= 〈x′1z′1〉
. (3.65)
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All other coupled terms stay unchanged after scattering and only the
uncoupled elements change. Thus, it is possible to treat a coupled beam
passing through a scatterer in the same way as an uncoupled beam, which
is a welcome simpliﬁcation, although at ﬁrst, a little surprising.
3.2.5 Approximation for a thin scatterer
In practical applications it is often necessary to deal with thin scatterers,
such as stripping foils or emittance monitors. For such an application it is
possible to make a thin scatterer approximation. In a thin scatterer, it is
assumed that the position of the particle remains unchanged beam passing
through the scatterer, and only the change in divergence has to be taken
into account. Thus neglecting the terms depending on L in Equation (3.57)
leads to,











3.2.6 Comparison with a Monte-Carlo simulation
A simple comparison with tracking shows the validity of Equation (3.57).
Using the code which will be described in Chapter 4, an uncorrelated Gaus-
sian beam of 100 000 protons at 180 MeV with a momentum spread of 0.1%
and a spatial cut-oﬀ at 2σ was generated and tracked through a copper foil
of 3.67 mm thickness. The Twiss parameters used to deﬁne the beam were
set to βx = βz = 3 m and αx = αz = 0. The one standard deviation stat-
istical emittance was set to Ex = Ez = 2.3 π mm mrad. The absorber adds
an average angle θ0 = 20.4 mrad using Highland’s Equation (3.23). The
beam scatter plot in real space changes considerably as can be seen from
Figures 3.6 and 3.7 that show one phase plane and the real plane before and
after scattering. Due to the cut-oﬀ, the uncorrelated beam is rectangular in
real space, but elliptical in phase space, which can be seen from a careful
study of Figure 3.6.
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Figure 3.7: Phase and real space of the scattered beam
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Calculated beam parameters versus those obtained by tracking



















ERMS,x 2.30 2.30 77.3 76.5
[πmm mrad]
ERMS,z 2.30 2.30 77.3 76.6
[πmm mrad]
βx[m] 6.25 6.27 0.19 0.19
βz[m] 6.25 6.25 0.19 0.19
αx[m] 0.00 0.00 0.00 0.00
αz[m] 0.00 0.00 0.00 0.00
Table 3.3: Comparison of calculated beam parameters and those obtained by
tracking
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The Twiss parameters were checked by calculating the variances and co-
variances of the position and angle of the beam and using Equation (3.44) to
relate them to the Twiss parameters. The same procedure was then used to
calculate the Twiss parameters of the scattered beam. This is then compared
with the Twiss parameters calculated via the Twiss-Scatterer relations in
Equations (3.60) and (3.57).
The numerical data is collected in Table 3.3. The estimated Twiss para-
meters of the scattered beam obtained by statistical analysis of the distribu-
tion calculated by tracking agree extremely well with those calculated using
the Twiss-Scatterer relations of Equation (3.57).
3.3 Conclusions
A rigorous method for dealing with multiple scattering in terms of Twiss
functions has been developed. It has improved and generalised earlier ap-
proaches in the ﬁeld which are limited to very thin foils. The new method
can be used for arbitrary, thick scatterers and is of practical importance.
The resultant Twiss-Scatterer relations allow the Twiss functions to be
calculated in a continuous manner through an accelerator lattice, which
opens the way to incorporating scatterers into accelerator lattice design
programs and even using them for matching beam envelopes and emittances.
This has already been implemented in WINAGILE[29].
Furthermore the Twiss-Scatterer relations are of practical importance
when used to calculate the emittance dilution in betatron mismatch [27],
which occurs when the beam in a transfer line is not matched to the expec-
ted Twiss parameters of the ring it serves. The mismatch may be due to
emittance- or luminescent monitors included in the beamline for diagnostic
reasons.
Excellent agreement with the Monte-Carlo data is found and demon-
strates the accuracy achievable.
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4.1 Passive beam spreading systems
As already mentioned in Chapter 1, passive beam spreading systems are the
state of the art technique for delivering a beam to the patient. This beam
has to be homogeneous over a certain area, called a ﬁeld. Various methods
and techniques are available to achieve such a ﬂat ﬁeld, all with their relative
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Figure 4.1: The Gaussian distribution and some of its properties. The central
part of the distribution which varies less than ±2.5% is approx-
imately ±0.28σ. A particle beam with a Gaussian distribution
which is collimated to ±0.28σ includes less than 5% of the total
particle number
merits. The choice of method depends on the available accelerator as well
as on the treatment to be performed. For the PIMMS synchrotron design, a
high beam utilisation eﬃciency is required. The details of the requirements
are described in Section 4.2. A short overview of these methods is given
following [30].
4.1.1 Single scattering foil
The single scattering foil technique is probably the simplest method of shap-
ing a beam. A single ﬂat absorber is introduced into the beam, which causes
scattering. The beam is enlarged and the centre part which conforms to the
accepted tolerance of 2.5% is cut out. It is obvious that only a small per-
centage of the beam can be used. Assuming a Gaussian approximation,
only 0.28σ are usable resulting in a waste of over 95% of the beam (see
Figure 4.1).
This method is adequate for an environment where an abundance of
particles is available and high losses are not of any concern. To achieve
large ﬁelds, such as of the order of 20×20 cm2, it is necessary to use thick
absorbers, which leads to three eﬀects,
• the amount of unwanted background caused by nuclear reactions grows





Figure 4.2: The single scattering foil technique. This is the simplest, but
also the least eﬃcient method for achieving a ﬂat ﬁeld. It uses
the central part of the Gaussian distribution which is within the
uniformity of ±2.5%. (See Figure 4.1)
considerably, especially the neutron background will increase and lead
to an extra unwanted dose applied to the patient.
• The accelerator must be able to accelerate protons to considerably
higher energies than the 220 MeV necessary to reach a depth of 30 cm
in water, since a lot of energy is absorbed by the scatterer.
• This also leads to a momentum spread of the beam which makes the
Bragg peak more spread out. While this is to some extent wanted
in order to reduce the number of slices, it may be to large for some
scenarios. Furthermore, there is a loss of control, since the momentum
spread is not adjustable any more.
For all these reasons, the single scattering method is only used for very
small ﬁelds. It is adequate for example for irradiation of occulary cancer,
where the cancer volume is relatively small.
4.1.2 Double scattering with occluding post
To adapt passive spreading to larger ﬁeld sizes, and to allow a better utilisa-
tion of the beam, the method of a double scatterer with an occluding post
can be used. This method, schematically illustrated in Figure 4.3, uses a
primary ﬂat scatterer to enlarge the beam. An occluding post then cuts out










Figure 4.3: The double scattering method with an occluding post
the middle part of the beam leaving a gap. This gap is then closed by let-
ting the beam pass another ﬂat scattering foil, which then smoothes out the
previously excluded section to a homogeneous region, which is collimated
for use. The ﬁeld sizes achievable are clearly larger than those usable in
the single scattering method. Yet since the central region contains a major
part of the beam, a lot of beam is wasted. While enlarging the radius of the
occluding post also enlarges the homogeneous region, it also removes more
and more particles.
According to Reference [30], this case can be treated analytically and the
size of the ﬁeld can be calculated. Furthermore, it is possible to calculate








with r the radius of the ﬁeld and σ the standard deviation of the beam.
Figure 4.4 shows the functional dependence of Equation (4.1). The max-
imum eﬃciency achievable is reached when the pole has a radius of
√
2σ.
The eﬃciency then is 1/e or 36.8%.
4.1.3 Double scattering method with a shaped scatterer
Finally, the double scattering method with a shaped secondary scatterer can
be used. This technique, shown in Figure 4.5 uses a beam which is scattered
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Figure 4.5: The double scatterer technique. A primary ﬂat scatterer enlarges
the beam. A second shaped scatterer then shapes the beam to
be uniform over a certain region.
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through a ﬁrst ﬂat scatterer to enlarge the beam. A second specially shaped
scatterer shapes the beam to create a homogeneous region in the middle.
The second scatterer therefore acts as a ﬁlter to the beam.
This technique is in principle not limited in eﬃciency as are the two pre-
viously mentioned methods. Since certain design issues of the PIMMS syn-
chrotron limit the number of particles in the proton beam, a high eﬃciency
is necessary. It should be above 40% in order to achieve the speciﬁcations
to irradiate a cancer volume of 7 litres in 2.5 minutes. This excludes for the
PIMMS design the single scatterer method as well as the technique using
an occluding pole.
The shape of the second scatterer is said to be roughly Gaussian, yet
only two publications [31, 32] exist, which describe this shape. While Refer-
ence [31] derives an equation which approximates the shape by a set of disks
of diﬀerent radii, Reference [32] only states that a computer program exists
which calculates the shape. Both assume, that the beam is a symmetric and
round beam, which is often true for a cyclotron. With a synchrotron the
situation is diﬀerent. Due to the extraction method used, a very asymmetric
beam is extracted. This will inﬂuence the shape of the second scatterer and
has to be taken into account as a further parameter entering into the cal-
culation or simulation of the shape. More important though, is that while
in a cyclotron, the number of particles available is suﬃcient to accept con-
siderable losses, the special design of the PIMMS synchrotron, necessitates
an economical and highly eﬃcient scattering system. The calculation of the
shape has to meet this constraint. To allow such an approach, the software
package scatter was written in order to calculate the secondary shaped
scatterer.
The technique has one not negligible disadvantage. Since the scatterers
are not ﬂat, the energy distribution varies and certain regions are likely to
suﬀer more energy loss than others. Therefore the energy-loss distribution
is not homogeneous. This is normally compensated by adding an energy-
loss compensator after the shaped scatterer. The energy-compensator is
normally made of a low Z material, e.g. lucite to minimise additional scat-
tering. While in theory it seems easy to add some additional absorber which
only compensates for the energy-loss, in practical terms it is quite diﬃcult
to do so, since the extra scattering is not negligible. Calculating a system
which optimises both the ﬂat homogeneous particle distribution, as well as
a homogeneous energy distribution is very diﬃcult to achieve. It therefore
seems a lot easier to correct the energy variation where scattering cannot
inﬂuence the homogeneous particle distribution anymore, that is just above
the patient.
This solution is recommends itself even more with the knowledge that an
energy-compensator is normally already in place. This energy-compensator,
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the so-called bolos, is put just in front of the patient, which acts as an
energy compensator to give the irradiated slice the shape of the cancer to
be treated. The only complication is to adjust the bolos not to accept a
homogeneous energy-distribution, which should not be too diﬃcult. Results
of the energy-variation achieved with scatter (see Section 4.3.6) show that
the energy-variation is very smooth and does not contain any hot spots.
4.2 Requirements for scatter
As a guideline for designing software for the calculation of a double scattering
system, the following requirements were assumed.
• A homogeneity of less then ±2% should be achieved.
• A ﬁeld size of up to 20×20 cm2 at 2.50 m distance from the scattering
system.
• The possibility to simulate and calculate arbitrary input beams.
• Graphical output of the resulting shape and beam distribution.
4.3 The algorithm of scatter
scatter was written in C on a PC running the Linux operating system. It
runs in two diﬀerent modes, the design mode and analysis mode (see
Figure 4.6).
The principle of the design mode is that of an optimising loop. A double
scattering system is simulated consisting of primary ﬁrst scatterer and a
second shaped scatterer. A beam consisting of a user-deﬁned number of
particles is then simulated to pass through both theses scatterers and every
particle is tracked to a distance, called the patient distance. After the beam
has been tracked, the particle distribution is compared with the desired
distribution. A mismatch function of the diﬀerence between the wanted
beam distribution and the simulated one is calculated. The shape of the
secondary scatterer is then modiﬁed in way to minimise the mismatch. As
soon as the ﬁeld at the patient meets the requirements, the program stops.
The analysis mode simply runs the shape found in the input ﬁle and
generates data in hbook format which can be used by PAW [33]. The data in-
cludes the positions, angles and energy of every particle at various positions
of the simulated system. This data can be used to make detailed studies
on the actual particle distribution and on the distribution of the energy
variation.
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Figure 4.6: Flowchart for the program scatter
.
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4.3.1 Startup
The program starts by reading a ﬁle containing user-deﬁned data. Among
this data are:
• The Twiss parameters (α, β) of the incoming beam, individually for
both planes.
• The statistical 1-σ emittance of the beam.
• The number of particle to simulate per loop.
• Binning information for making histograms of the beam distribution
at the patient.
• The size of the ﬁeld at the patient.
• The distance between the ﬁrst and the second scatterer.
• The distance from the second scatterer to the patient.
• The energy of the particles used.
• The maximum acceptable loss of particles.
Finally, data-points deﬁning the shape of the scatterer can be given.
The input ﬁle format is kept very simple, yet is still human-readable.
Comments can be added to aid the design. To be able to interrupt the
calculation at any point, an output ﬁle, which has the same format as the
input ﬁle, is generated after every loop. This ﬁle has updated values and
data deﬁning the shaped scatterer. This output ﬁle can be used as an input
ﬁle for continuing the calculation. For values not speciﬁed, certain default
values are assumed. A list of these default values can be obtained by running
scatter without specifying an input ﬁle and then interrupting after the ﬁrst
loop.
After this initialisation step, scatter enters the main loop where it
generates particles, tracks them through the system and ﬁlls the particles
into histograms. The binning is chosen in a way that over the good-ﬁeld
area an equal amount of entries is expected for a ﬂat ﬁeld. After all particles
have been tracked, the χ2 value deﬁned below is calculated and used as a
mismatch function. In design mode, a minimisation routine is entered which
tries to ﬁnd a minimum for the χ2 value returned by the main loop. The
analysis mode simply simulates the chosen number of particles and generates
the hbook ﬁle for later analysis and exits.
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4.3.2 Simulation of the beam
A random number generator is used to generate a Gaussian randomly dis-
tributed random number. These numbers are used to assign a particle its
energy (with a certain energy spread), its position and angle. Therefore a
proven algorithm taken from [34] was chosen. Because of the high number
of random numbers used, the underlying uniform random number generator
was chosen with care. For the same reason, the number generator supplied
with the standard C library was avoided, since the algorithm used was not
known.
The particle position and angle is created by generating particles in
normalised phase space (where the phase-space is a circle) and then changing
back into unnormalised phase space.
The now created particle is tracked through the ﬁrst uniform scatterer.
To do this, the average scattering angle θ0 =
√〈θ2〉 has to be calculated.
This was ﬁrst done using Highland’s Equation (3.23), but was later improved
to use Gottschalk’s improved version (3.24). Next, two Gaussian random



















where L is the thickness of the scatterer and ρ is the geometric correlation
coeﬃcient introduced in Equation (3.48).
After the ﬁrst scatterer, the second scatterer is simulated. Since the
scatterer is shaped, the amount of material the proton has to traverse is
dependent on the entry position of the proton to the scatterer. As soon as
the thickness at that point is known, the same method as in (4.2) is used.
Finally, the particle is tracked to the patient position and is binned in
radially symmetric bins. Particles which do not reach the good-ﬁeld region
are counted as lost and decrease the beam utilisation eﬃciency. The number
of bins is another user-conﬁgurable data item speciﬁed in the input ﬁle. The
binning is chosen in such a way that each bin covers the same amount of
area. This choice makes sure that for a homogeneous distribution, an equal
amount of entries into each bin is expected. This has the advantage, that
the statistical error is equal for every bin. Typically a number of 8 to 10
bins is chosen.
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N − 1 , (4.3)
where N is the total number of bins, and ni denotes the entries for the ith
bin. The χ2 value also allows to calculate the probability of the ﬁeld being
homogeneous. Therefore there is a strong statistical check, on the quality
of the ﬁeld. It turns out though, that this test is far too strict for the
requirements of hadron therapy. The binning is also shown in the output






Figure 4.7: The one dimensional binning displayed by scatter. The bin-
ning starts in the centre of the patient region and extends to the
maximum assumed good-ﬁeld region. This distribution is already
extremely ﬂat and the corresponding shaped scatterer is already
highly optimised.
In addition to the one dimensional histogram, a two dimensional density
plot is shown (see Figure 4.8), with a more qualitative display. The patient
region is shown as a map of diﬀerent degrees of grey. The darker the shading,
the less the region deviates from the expected value. Squares in white denote
a region which deviates more than 3 standard deviations from the expected
value.
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Non-white area is within ±  6%
Figure 4.8: The two dimensional density plot of scatter. Ten levels of grey-
values determine the deviation from the optimum particle density
level for each of the 400 pixels which represent the particle density
at the patient. White area is outside a 99% conﬁdence level.
4.3.3 The secondary scatterer shape
The secondary scatterer shape is assumed to be circular symmetric and
is described through a set of points which are connected via natural bi-
cubic splines. The choice of splines versus a high order polynom was made
to avoid large oscillations which might occur at the boundaries. Since a
spline consists of third order polynoms its ﬂuctuations are more controllable.
A cross-section through the shape is also generated in each iteration. An
example can be seen in Figure 4.9. Of course, the scatterer thickness also
depends on the material chosen.
4.3.4 Minimisation
The minimisation routine chosen for scatter is the so-called Powell minim-
isation which is a quadratically convergent method [34]. The main advantage
is that it does not require any derivatives on the function to be minimised.
Since the minimisation function is of statistical nature, derivatives are not
available. Earlier versions of scatter used the simplex method which is
said to be very robust [34], yet this method is too slow and in this case also
tends to oscillate. Finally, the speed depends very much on the number of
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Figure 4.9: The shape generated by scatter. The material build-up on the
edges is an artifact generated by the spline function. It does not
contribute to the ﬁeld distribution on the patient. This is already
understood by looking at the geometrical setup of the scattering
system.
points which deﬁne the spline to describe the shape. While a larger number
of points increases the accuracy, it also increases the time for computation.
Since the computing time for all minimisation routines which do not require
derivatives of the function to be minimised, grows quadratically with the
number of dimensions, a compromise has to be made. A number of 8 points
currently seems suﬃcient to generate enough detail for achieving a usable
shape.
An important point to note is that multidimensional minimisation is a
diﬃcult task and often only a local minimum is found. While the minimum
may not be the lowest, it has to be fairly robust. A good test for this is make
minor modiﬁcations to the minimum found and restart the minimisation
process. An instable or too shallow minimum will not be re-found. A new
solution has then to be sought.
To aid this process, the user can look at the intermediate results gener-
ated by scatter online. Figure 4.10 shows this output which is generated
with each iteration of the minimising loop. It contains not only the inform-
ation shown in Figures 4.7, 4.8 and 4.9, but also details on the parameters
used. Additionally, the output is saved in a PostScript ﬁle for later refer-
ence. Finally, a data ﬁle is written for each iteration which has the input
ﬁle format. In particular it contains information on the secondary scatterer
shape.
4.3.5 The treatment of energy loss
Charged particles traversing an absorber are not only subject to multiple
scattering, but also suﬀer a loss of their kinetic energy. For the particles of
interest in hadron therapy, i.e. protons of up to 250 MeV and carbon ions of
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Calculated Shape
Foil Radius [cm]: 2.00
Patient Radius [cm]: 5.50
Width of uniform scatterer [mm]: 3.60
Distance to patient [m]: 2.00
Distance between scatterers [cm]: 30.0
Particle Energy [MeV]: 180.00
εx: [π mm mrad]: 1.97
εz: [π mm mrad]: 1.97
βx [m]: 3.00
βz [m]: 3.00
Particles per iteration: 1950000
desired loss: 0.4800
actual loss: 0.4885
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Figure 4.10: The online output generated by scatter
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up to 425 MeV/u, the most prominent reason for energy loss is the ionisation
of atoms in the absorber material. The energy loss has been the subject of
intensive discussion in the literature and there is common agreement that
the equation known as the Bethe-Bloch equation describes the energy loss


















where K is deﬁned as 4πNar2emec
2, Tmax is the maximum kinetic energy
which can be imparted to a free electron in a single collision. The mean
excitation energy is denoted with I and δ is deﬁned as the density eﬀect
correction to ionisation energy loss. All other constants have been intro-
duced earlier.
The maximum transferable kinetic energy Tmax can be calculated to be,
Tmax =
2mec2β2γ2





where M is the mass of the incident particle and γ = 1/
√
1− β2. For
particles with M  me Equation (4.5) can be approximated to be,
Tmax  2mec2β2γ2. (4.6)
Equation (4.4) is remarkable in two ways: ﬁrstly, it is strongly dependent
on the velocity β and, secondly, it is only very weakly dependent on the
mass (via the maximum transferable kinetic energy Tmax) of the incident
particle. Since the ration of A/Z is relatively constant over a large range of
elements, it is possible to generate universal energy-loss curves by plotting
Equation (4.4) versus the area density in g/cm2.
Figure 4.11 shows the dE/dx curves for charged pions in copper. The
plot shows that the Bethe-Bloch Equation (4.4) can be cut conveniently
into three regions. For low energies, which is the region of interest for
medical purposes, the energy loss is roughly proportional to β−5/3. The
curve then reaches a minimum at about 1 GeV/c, where a particle is called
a minimum ionising particle (MIP). Finally, the energy loss rises again for
ultra relativistic particles.
1Heavy in this context means heavier than a muon.
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Figure 4.11: The energy loss rate for charged pions in copper [21]. Note that
the energy loss per path-length is plotted versus momentum and
not absorber thickness. In this way Equation (4.4) can be used
for particle identiﬁcation.







For particles with a kinetic energy larger than that of a MIP and for not





where ∆x is the absorber thickness. Unfortunately, particles for medical
synchrotrons are well below the level of a MIP and therefore Equation (4.8)
cannot be used. Instead the calculation of the energy loss, ∆E, has to be
done using numerical methods. One of these methods is to numerically
integrate Equation (4.7). While this method is certainly possible it was
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not implemented in scatter. The reason for not solving Equation (4.7)
numerically, was the overwhelming number of integrations that have to be
performed for the simulation. Since every particle is subject to passing at
least one scatterer in the simulation, the integration of Equation (4.7) would
take up most of the calculation time and would decrease the performance
of scatter dramatically. Instead a solution was found using range tables,
which has the additional advantage of being able to use measured data.
Heavy charged particles have a deﬁned range in matter, a fact which is
the primary reason for performing hadron therapy. The range of a particle
is deﬁned as the amount of material needed to absorb exactly 50% of the










Extensive tables of particle ranges exist [35, 36] and can be used to
determine the energy loss of a particle traversing an absorber using the
following method.
With a suﬃciently densely populated table of particle ranges, the range
of a given particle with initial energy E0 is calculated by looking up the
value in this table. Values of E0 not found have to be interpolated linearly.
Knowing now the value of the range R0 at energy E0 makes it possible to
determine the average energy loss by subtracting the absorber thickness L
from R0, resulting in the leftover range R1,
R1 = R0 − L (4.10)
Now the range table is inversely searched to ﬁnd the energy E1 that
corresponds to a range of R1. Subtracting E1 from E0 results in the average
energy loss ∆E. Again, values not found in the table have to be interpolated
linearly. If the range table is populated densely enough, an accuracy of 0.13%
can be achieved [35], well within experimental limits.
The great advantage of using range tables compared to direct numerical
integration of the Bethe-Bloch equation is that this method only requires
two look-ups in a table, plus two linear interpolations. The cost of a look-
up table is small when using algorithms such as a bisection search on an
ordered table. Despite modern algorithms for numerical integration, such as
Romberg’s method [34], the use of range tables is far more eﬃcient than the
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Figure 4.12: Landau plot for the energy straggling in a 300 µm thick silicon
detector using a 100 GeV/c pion beam [37].
direct approach of the integral in Equation (4.7). Again it must be stressed,
that while the Bethe-Bloch equation only delivers an approximation to the
energy loss, range tables use measured data and are therefore superior.
4.3.6 Energy straggling
The energy loss of a particle in matter is a statistical process. Equation (4.4)
only describes the average energy loss of a particle, but does not fully de-
scribe the energy loss distribution. Calculating this distribution is mathem-
atically complicated and is generally divided into two distinctive cases: thin
absorbers and thick absorbers.
The case of thin absorbers is extremely diﬃcult to calculate. The distri-
bution is asymmetric with a long tail (see Figure 4.12). It was ﬁrst described
by Landau [38]. Part of the asymmetry is due to the fact that a small energy
loss is more probable than a large one and that there is a cut-oﬀ for large en-
ergy losses given by the largest transferable kinetic energy Tmax. Landau’s
theory itself is only an approximation that assumes that the atomic elec-
trons in the absorber are free and that the average energy loss is very small.
A criteria for when to use Landau’s theory is the parameter κ, deﬁned as,





Landau’s theory applies to values of κ < 0.01. Extensions of Landau’s
theory by Smyson and Vasilov [38] are valid for larger κ. For values of
κ > 10, the Landau distribution approaches the Gaussian limit, which is due
to the central limit theorem already brieﬂy discussed in Section 3.1.1. For a
proton of 180 MeV, traversing a copper absorber, this limit is reached after
traversing a thickness of about 1.5 mm or 1.37 g/cm2. In double scattering
systems as calculated by scatter this is a minimum thickness used for the
primary ﬂat scatterer. For this reason the simulation is simpliﬁed by using
a Gaussian limit.
The variance of the energy straggling for the Gaussian limit was calcu-

















1− β2 σes,0. (4.13)
Thus, assuming the Gaussian limit for energy straggling, the algorithm
implemented scatter is very simple.
1. Calculate the average energy loss ∆E for the particle of kinetic energy
E traversing an absorber of thickness L.
2. Calculate the energy straggling width σes for the particle
3. Subtract the average energy loss from the current energy.
4. Randomise the energy loss by adding the product of ∆Eσesz, where z
is a Gaussian random number, to the diﬀerence of E −∆E.
The energy variation can be investigated in the analysis mode of scatter.
Results can be seen in Figure 4.13 and 4.14. As can be see, there is a slight
indention if the energy in the center, but the behaviour is very smooth and
the energy variation can easily be comensated with a bolus, as described
above.
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Figure 4.13: Energy distribution at the patient after passing through a
shaped scatterer for particles in the homogeneous region.
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Figure 4.14: Density plot for various energy slices of the particles at the
patient.
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Figure 4.15: The secondary shaped scatterer used for the test at The Sved-
berg Laboratory.
4.4 Comparison with scatter and test-beam data
To test the the performance of scatter, a test was carried out at the
The2 Svedberg Laboratory in Upsala, Sweden in June 1998. The The Sved-
berg Laboratory has a cyclotron which delivers protons with up to 180 MeV
in energy. scatter was used to calculate a shape for achieving a ﬂat region
of 11 cm in 2.5 m from the second scatterer.
Since the beam parameters where not known, the following parameters
were assumed:
• The shape was optimised for a homogeneous region of 11 cm diameter
at 2.30 m distance from the primary scatterer.
• A distance of 30 cm between the primary and the secondary scatterer
chosen.
• A proton beam of 180 MeV.
• A round beam with an emittance of about 2π mm mrad for both
planes.
2The is short for Theodor
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Figure 4.16: The last dipole which switches the beam from the C to N line
• Values of βx = βz = 3 m at the primary scatterer.
• Since it was assumed that the beam was focused at the primary scat-
terer, αx = αz = 0 was chosen.
The version of scatter used assumed that using Highland’s original
Equation (3.23) was accurate enough. The design resulted in a shape already
shown in Figure 4.9. For the simplicity of manufacturing this shape, cop-
per was used as scattering material. The resulting shape can be seen in
Figure 4.15.
4.4.1 Setup
The experiment was performed at the C-line of so-called bio hall of the The
Svedberg Laboratory. At about 1.5 m after the last focusing quadrupole the
primary scatterer was positioned. The setup for the measurements consisted
of an optical bench with supports and clips for mounting the scatterers (see
Figure 4.17). The scatterers had to be mounted with tape and there was no
possibility for reproduceable adjustment.
The measurements were performed with a 0.5 cm diameter silicon di-
ode which could be moved in x–y position using a stepping motor. The
diode could be moved ±10 cm horizontally (called a left-right scan) and
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Figure 4.17: A photo showing the setup-up of the primary and secondary
scatterers.
Figure 4.18: A photo showing the measurement system using a silicon diode
mounted on a stepping motor.
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±5 cm vertically (called a top-bottom scan). This measurement system (see
Figure 4.18) was positioned 2.30 m after the primary scatterer.
The signal from the silicon diode was designed to be output relative to the
input signal of a calibrated dosimeter. Since this dosimeter was not available,
an arbitrary current was used. All measurements performed are therefore
relative measurements and were normalised by setting the maximum signal
to 1. The measurements consisted of left-right scans and top-bottom scans
through the centre of the distribution. Some initial measurements with a
single primary scatterer were made to ﬁnd the centre of the distribution.
The centre was then ﬁxed to be at (1.0,−1.0) cm of the co-ordinate system
deﬁned by the setup. The data points were taken in steps of 2 mm thereby
integrating the signal of the diode over 2 seconds per point.
4.4.2 Measurements performed
The initial goal of this experiment was to test a shaped scatterer designed
with scatter in order to verify the functionality of the software. Unfortu-
nately, the setup allowed no precision alignment of the secondary scatterer,
which is necessary to achieve satisfying results. In particular, it was not
possible to adjust the vertical alignment of the shaped scatterer and only
horizontal repositioning was possible. And even this repositioning was not
very accurate, since it had to be made with pencil marks and a ruler. Since
the position of the beam had to be estimated using a ﬂuorescent monitor,
which was then removed to prevent further scattering, it was not possible to
adjust the shaped scatterer towards the correct position. The best obtained
is shown in Figure 4.19. There is a fairly ﬂat region of about 4 cm visible.
Since the shape was optimised to produce a ﬂat region which is more than
twice as large, the only explanation seems that the second scatterer was
moved so far from the beam, that it was hit by only about half of the beam.
Probably, a further vertical alignment would have improved the results. The
fact, that the ﬁeld had signiﬁcant deviation from a Gaussian shape towards
a more ﬂat shape gives rise to the hope that the shape probably would have
worked.
In order to make the best out of this situation two additional measure-
ments were performed, which were not sensitive to alignment problems.
• First the data from a single scatterer of 3.67±0.017 mm was recor-
ded. This measurement was also used to calibrate the centre of the
distribution. This ﬁrst scatterer was used throughout the experiment.
• Next, a double scattering system but with a second ﬂat scatterer of
1.36±0.014 mm was measured.



















Best result from shaped scattere measurement



















Width of the proton distribution for a single flat scatterer [cm]
Data taken at the The Svedberg laboratory
σ = 4.78 cm
µ = 0.86 cm
fit
data
Figure 4.20: Measured data from a single ﬂat copper scatterer using a
3.67 mm primary scatterer.




















Width of the proton distribution for a single flat scatterer [cm]
Monte-Carlo Data using Highland’s equation
σ = 4.72 ±0.02 cm




Figure 4.21: Single scatterer Monte-Carlo data of 3.67 mm ﬂat copper scat-
terer using Highland’s equation. Note that the data points rep-
resent Monte-Carlo data with its statistical errors.
First the single scatterer was measured with a few top-bottom and left-
right scans. This was used to ﬁnd the centre of the distribution at the
detector. After ﬁtting the data to a Gaussian distribution, a displacement of
0.36±0.20 mm on the vertical axis and 1.41±0.51 mm on the horizontal axis
compared to the assumed centre of the distribution (-1.0,1.0) was detected.
Since horizontal measurements give data over a larger range of the dis-
tribution, and since the corresponding vertical oﬀset is in the sub-millimetre
range, it will be used in the following comparison with the simulated data.
The data then was compared with Monte-Carlo data produced with
scatter. All Monte-Carlo data were created and then manipulated in the
same way:
• First the data was created as a hbook ﬁle using the verify mode of
scatter.
• Next all particles in a strip of 0.5 cm around the x-axis were ﬁlled
into a histogram. This histogram was scaled, shifted and normalised
to match the units and displacement of the measured data.
• The data was ﬁtted and compared with the measured data.




















Width of the proton distribution for a single flat scatterer [cm]
Monte-Carlo Data using Gottschalks’s improved equation
σ = 4.81 ±0.02 cm




Figure 4.22: Single scatterer Monte-Carlo data of a 3.67 mm ﬂat copper scat-
terer using Gottschalk’s improved equation. Note that the data
points represent the Monte-carlo data with its statistical errors.
Single scatterer measurements
The ﬁrst set of data was created using Highland’s original Equation (3.23)
with the results shown in Figure 4.21. The next set of data (shown in Fig-
ure 4.22) was produced using Gottschalk’s improved Equation (3.24). The
diﬀerence of the two Monte-Carlo data seems to be minute and both data
sets agree very well with the measured data. In fact the only limitation
seems to be that the multiple scattering has Molie`re and not Gaussian dis-
tribution. Therefore both Monte-Carlos underestimate the tails somewhat.
Double scatterer measurements
Next measurements with a double scattering system using the same ﬂat
3.67 mm primary scatterer as in the ﬁrst measurement, but adding a second
ﬂat copper scatterer of 1.36 mm 30 cm behind the primary scatterer. The
results of these measurements can be seen in Figures 4.23, 4.24 and 4.25.
On ﬁrst sight, Highland’s equation seems to be better that the description
given by Gottschalk, yet Gottschalk’s equation seems to be able to describe
the overall characteristic scattering angle better. The deviation from the
measurement is only 3% compared to about 5% deviation for Highland’s
equation. Nevertheless, the data using Highland’s equation seems to ﬁt
better in the central region of the distribution.


















Width of the proton distribution for two flat scatterers [cm]
Data taken at the The Svedberg laboratory
σ = 5.49 cm
µ = 0.86 cm
fit
data
Figure 4.23: Measured data from a double ﬂat scatterer system using a




















Width of the proton distribution for two flat scatterers [cm]
Monte-Carlo Data using Highland’s equation
σ = 5.20 ±0.03 cm




Figure 4.24: Double scatterer Monte-Carlo data using a 3.67 mm ﬂat copper
primary scatterer and a 1.36 mm copper secondary scatterer
created using Highland’s equation. Note that the data points
represent the Monte-Carlo data with its statistical errors.
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Width of the proton distribution for two flat scatterers [cm]
Monte-Carlo Data using Gottschalks’s improved equation
σ = 5.32 ±0.03 cm




Figure 4.25: Double scatterer Monte-Carlo data using a 3.67 mm ﬂat copper
primary scatterer and a 1.36 mm copper secondary scatterer
created using Gottschalk’s improved equation. Note that the
data points represent the Monte-Carlo data with its statistical
errors.
This central region, though, is of special interest when designing passive
spreading systems using a shaped scatterer, since such a device can only util-
ise some 40–50% of the original beam. The usable beam in the centre of the
distribution. It appears therefore that it might be better to use Highland’s
equation in the design of passive beam spreading systems, although it does
not predict the deviations for large angles as well as Gottschalk’s equation.
For thicker scatterers, Gottschalk’s equation is certainly an improvement,
because it takes energy loss better into account.
4.5 Conclusions
Passive beam spreading is an important technique for delivering a homogen-
eous dose to the patient. Of the various methods and techniques available,
only the double scattering system with a shaped scatterer is, in theory, not
limited in particle utilisation eﬃciency.
The software scatter has been developed, which is a package capable
of designing a highly-eﬃcient double scattering system using a shaped sec-
ondary scatterer. It is also used to generate Monte-Carlo data for scattering
systems to enable their detailed analysis.
Though the double scaattering system with a shaped scatterer does not
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give a homgeneous energy-distribution, there is the possibility of correcting
this in the bolos of the patient-setup. Scatteres designed with scatter do
not generate any hot-spots and are in general the energy-distribution is only
weakly dependant on the particle position.
The software has been used in an experimental setup. The comparison
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A.1 Analytical treatment of the multipole expan-
sion for a wire
To ensure that the numerical calculations are accurate and usable, a com-
parison was made between the numerical output of the OPERA program and
the analytical calculations of the magnetic ﬁeld components of a thin wire.
The wire modelled was 0.5 mm in radius. The current density was set
to 1.00 × 105 A
mm2
. This is equivalent to a current of 7.90 × 104A which is
in good agreement with the analytically calculated result from Biot–Savart
(7.96×104A). This current produces the same ﬁeld at 10 mm distance from
the centre as in the calculations made for the specially shaped conductor
(1.5923 T). The multipole coeﬃcients are calculated as in the previous cal-
culations using an analysing radius of 5 mm. The results of this calculation
can be found in Table A.1.
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one can introduce a new coordinate system by moving the origin from the






R2 + r2 + 2Rr cos θ
[R cos θ + r] (A.2)
On the other hand the Bθ- ﬁeld must be a sum of all multipoles:
Bθ(r, θ) = Bmain
∞∑
n=1












Table A.1: Numerical evaluation of multipoles for a wire using OPEA2D
To calculate the an and bn it is of advantage to look at special values of
Bθ for values of r0 and θ. Using the values r0 = 0 and θ = 0 leads to:






) = b1 (A.4)
since sinn0 = 0 and ( 0r0 )
n−1 = 0 for all n > 1. All higher terms can be













n=0(−1)nxn = 11+x for all |x| < 1 is well known.
Applied to this problem the sum of the bn are equal to 1R(1+ r
R
). For R = 2r
one therefore expects a series of bn which half themselves from multipole to
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multipole and are thereby changing the sign. This can be observed from the
numerically calculated multipoles for a wire with R = 10mm and r = 5mm.
Thus to a precision of 2× 10−3 OPERA2D reproduces the expected coeﬃ-







Points used for explicit field calculations
θ
Figure A.1: Coordinate system for the analysis of a wire.
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A.2 Calculation of the multipoles
The following listing was used to calculate the multipole expansion in OPERA2d.
It was written by Mikko Karppinen from CERN/LHC.
$open 3 simple.dat append
$ form 1 STRING string=’ ’
$ form 2 EXPO 15
$ form 7 INTE 4
$ form 8 FIXE 15 5
$ assi 7 2 2
/ ANGLE IN RADIANS
$PARA #THET ATAN2(Y;X)
/ RADIAL FIELD COMPONENT
$para #BRAD (BX*COS(#THET)+BY*SIN(#THET))
/ RADIUS FOR THE CALCULATION
$CONST #RC 5.0
/ RADIUS FOR THE ANALYSIS
$CONST #RA 5.0
$DO #i 0 15 1
$IF #I EQ 0
/ DC-COMPONENT













$DO #i 1 15 1
$IF #I EQ 0
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